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1) Introducao

e A importancia da DFT no PDS

* Origem
o0 —J2nft
X(f)= Lox(t)e dt
tempo =) frequéncia
* Correspondente discreta:

—j2mm/ N

X(m)= jfx(n)e
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2) Entendendo a equacao da DFT

e Reescrevendo:

—j2mm/ N

X(m)= fo(n)e
X(m)= jz_;x(n){cos(2ﬂ%j — j.sen(27l’%ﬂ

- onde N = numero de amostras a serem processadas
= numero de pontos no eixo da frequéncia
- nvaria de 0 até N-1
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e Exemplo 1: considere quando N=4 e Fs=500

X (m) = ]:ZQX(H)_COS(M%) J Sen(Zﬂ%)_

X (m)=Z3:X(n) 008(275%) J. Sen(27[%)

A
X (0) = x(0) 008(2 - 00) — j.x(0).sen| 2 40j X (1) = x(0) 005(275()7) j.x(0).sen 27:0T
1. 1.1
+ X(l) COS(Q]Z’ 40 — j,x(l).Sel’l %) + X(l) COS(QJ[T — j.x(l).sen 27[7
2. 2.1
+ x(2) 003(275 1 — j.x(2). sen( %j + x(2) COS(272’T — j.x(2).sen(27z7j
3. 3.1
+ x(3) cos(2;z 34 j — j,x(3).sen( %j + x(3) 003(2757) j.x(3).sen(2n7)




Vale destacar que:

Fs
f(m)= mﬁ

Assim:

X(()) — O.@ =0Hz? (primeiro termo de frequéncia — DC)
4

X()= 1.@ =125H7 (segundo termo de frequéncia)
4

X(2)= 2.% =250H7z (terceiro termo de frequéncia)

X3)= 3,@ —375H7 (quarto termo de frequéncia)
4




A Imaginary axis (j}

/ \ This point represents the

Xmag(m] complex number
- X(m) = Xieai{m) + Ximag (M).

%)

0 X ra;l (m) FlG:l- axis
X(m)=X,,(m)+ jX, . (m)=X  (m) noangulode X (m)

* A magnitude é:

X e (M) =1 X (m) =\ X, () + X, (m)’

e Oanguloé
X. (m
X ¢("1) = tan‘{ ’m"g( )]

* A poténcia do espectro é:

XPS (m) — Xmag (77’1)2 = Xreal (m)2 + X
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 Exemplo 2: calcule as oito primeiras componentes de
frequéncia da DFT do sinal considerando F.=8000 a/s

x(1) = sen(2721000¢) + 0.5sen(2722000¢ + 37/ 4)

Solucao:
Discretizando:
x(n) = sen(2721000nt, )+ 0.5sen(272000nt, + 37/ 4)
As componentes de frequéncia serao: OHz, 1kHz, 2kHz,... 7kHz e

o sinal sera:

x(0) = 0.3535, x(1)=0.3535,
x(2) = 0.6464, x(3)=1.0607,
x(4)=0.3535, x(5)= -1.0607,
x(6) = -1.3535, x(7)=-0.3535

_



O formato do sinal é:

} sin(2rn10001)
1+ 00N,

05+  Tree.ect \
0.5sin(2120001+31/4) | B

A primeira componente é:

X)) = ix(n)cos(Zizn/S)— jx(n)sen(2m/8)

N=0




X(1) =0.3535- 1.0 —j(0.3535 - 0.0) + this is the n = [ term
+0.3535 - 0.707 -7(0.3535 - 0.707)  «thisisthen =1term
+ 0.6464 « 0.0 - j(0.6464 - 1.0) « this is the n = 2 term
+1.0607 - -0.707 - /(1.0607 - 0.707)
+0.3535 - 1.0 — j(0.3535 - 0.0)
~1.0607 - -0.707 - j(-1.0607 - =0.707)

-1.3535- 0.0 — j(-1.3535 - -1.0) e
~0.3535 - 0.707 — j(=0.3535 - —0.707) <« this is the n =7 term
= 0.3535 + j0.0

+0.250 -j0.250

+ 0.0 - j0.6464

- 0.750 — j0.750

- 0.3535 - j0.0

+ 0.750 - j0.750

+ 0.0 - 1.3535

-0.250 - j0.250

= 0.0-74.0=42-90°
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X(2) =0.3535 -
+ 0.3535 -
+ 0.6464 -
+ 1.0607 -
+ (.3535 -

1.0
0.0
-1.0
0.0
1.0

-1.0607 - 0.0

-1.3535 -

-1.0

-0.3535- 0.0

0.3535

+ 0.0

- 0.6464
-0.0

+ 0.3535
+0.0

+ 1.3535
- 0.0

—(0.3535 - 0.0)
~(0.3535 - 1.0)
— j(0.6464 - 0.0)
- /(10607 - -1.0)

= j(0.3535 - 0.0)
- jlf-l 0607 - 1.0)
- j(-1.3535 - 0.0}
- ,1'{4.3535 . -1.0)
+ jﬂ_ﬂ 181
-70.3535 11,
- j0.0 05+ %
+ jl.ﬂﬁﬂ? 0
- j{l.ﬂ 05}
+71.0607 4l
- }I:lﬂ 151
- 0.3535

1414 + j1.414 = 2 £ 45°.
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X{3) =0.3535- 1.0 - j{0.3535 - 0.0}
+0.3535 - -0.707 — j10.3535 - 0.707)
+ 0.6464 - 0.0 - 7(0.6464 - -1.0}
+ 1.0607 - 0.707 - j(1.0607 - 0.707)
+(0.3535 - -1.0 - (0.3535 - 0.0)
~1.0607 + 0.707 - j(-1.0607 - =0.707)
~1.3535 - 0.0 - f(-1.3535 - 1.0)
-0.3535 - -0.707 ~ j(-0.3535 - -0.707}
= 0.3535 +j0.0
~0.250 - j0.250
+ 0.0 + j0.6464
+0.750 -j0.750
- 0.3535 -70.0
- 0.750 — j0.750
+ 0.0 + j1.3535
+0.250 - 70.250

0.0 - 0.0 =0 £ 0°.
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X(4) =0.3535- 1.0 -(0.3535 - 0.0)
+0.3535 - -1.0 - j(0.3535 - 0.0}
+0.6464 - 1.0 - j(0.6464 - 0.0)
+ 1.0607 - 1.0 - j(1.0607 - 0.0)
+10.3535 - 1.0 - {(0.3535 - 0.0)
~-1.0607 - 1.0 — j(~1.0607 - 0.0)
-1.3535- 1.0 - j(-1.3535 - 0.0)
-0.3535 - -1.0 = j(-0.3535 - 0.0)

= 0.3535 - j0.0
-0.3535 - j0.0
+ 0.6464 -70.0
- 1.0607 - 0.0
+ (0.3535 - j0.0
+ 1.0607 -0.0
~13535  -j0.0
+ 0.3535 -j0.0

0.0-70.0= 0 Z0°
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X(5) =0.3535- 1.0 - j(0.3535 - 0.0)
+0.3535 - -0.707 — j(0.3535 - -0.707)
+0.6464 - 0.0 - j(0.6464 - 1.0)

+ 1.0607 - 0.707 — /(1.0607 - ~0.707)
+0.3535 - -1.0 -j(0.3535-0.0)
- 1.0607 - 0.707 - j{-1.0607 - 0.707)
-1.3535- 0.0 - j{-1.3535 - -1.0)

- 0.3535 - -0.707 - j{-0.3535 - 0.707)
= 0.3535 - j0.0
- 0.250 + j0.250
+ 0.0 - j0.6464
+ 0.750 + j0.750
-03535  -j0.0
~0.750 +j0.750
+0.0 - j1.3535

+ (0.250 + j0.250
= 0.0-j.0=02£0°
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X(6) =0.3535 - 1.0 - i(0.3535 - 0.0)
+0.3535 - 0.0 - j(0.3535 - ~1.0)
+ 0.6464 - -1.0 - j(0.6464 - 0.0)
+ 1.0607 - 0.0 - j(1.0607 - 1.0)
+0.3535- 1.0 - j(0.3535 - 0.0}
- 1.0607 - 0.0 - j(-1.0607 - -1.0)
-1.3535 - =1.0 -j(=1.3535 - 0.0)
-0.3535- 0.0 - j{-0.3535 - 1.0)
= 0.3535 - j0.0 |
+0.0 + j0.3535 'T.
- 0.6464 -j0.0 L] A
+ 0.0 - j1.0607 o
+0.3535 - 0.0 st -
+0.0 ~ j1.0607 Y
+1.3535  -j0.0 sl
+ 0.0 + f0.3535

1414 - /1.414 = 2 £ -45°,

I
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X(7) =0.3535 - 1.0 - 7(0.3535 - 0.0)
+0.3535 - 0.707 - j(0.3535 - =0.707)
+0.6464 - 0.0 - (0.6464 - -1.0)
+1.0607 - —0.707 - i(1.0607 - ~0.707)

+0.3535 - -1.0 - (0.3535 - 0.0)
- 1.0607 - -0.707 - j(-1.0607 - 0.707)
~1.3535 - 0.0 ~ j(-1.3535 - 1.0)
- 0.3535 - 0.707 - j(~0.3535 - 0.707)
= 0.3535 +70.0
+0.250 + j0.250 i1
+0.0 + j0.6464 a5l
- 0.750 + 70.750 L
-03535  -j0.0 sl
+ 0.750 + j0.750
+0.0 + j1.3535 1
-0.250 + j0.250 153
= 0.0+ /4.0 =4 £ 90°.
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N-1

X(0)= Y x(n)lcos(0) - jsin(0)]
n={}

=1
X(0)= Y xln).

A=l
X(0) = 03535 - 1.0 - {03535 - 0.0)
+0.3535 - 1.0 — (03535 - 0.0)
+ 06464 - 1.0 ~ j(0.6464 - 0.0)
+ 10607 - 1.0 - i(1.0607 - 0.0)
+0.3535- 1.0 ~ {03535 - 0.0)
~1.0607 - 1.0 — (-1.0607 - 0.0)
~13535- 10 ~ }(-1.3535 - 0.0)
- 03535 - 1.0 ~ }(-0.3535 - 0.0)
X(0)= 0.3535 - j0.0
+03535 - 0.0
+0.6464 - j0.0
+10607  -j00
+03535 - j0.0
~1.0607  —j00
~13535  —j00
-03535  =j00
= 0.0-j0.0=0 20"

17
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Example 1: Magnitude of X{m) A Example 1: Real part of X{m)
4 o " 151 . ]
3t | | N | |
2 . .
! ! o 0.5+ |
() 0" 4 —————n " t ? (c) Om R — -—m
4 8 7
2 3 4 5 6 7 (kHz) 0 1 2 3 5 (kH2)
Example 1: Phase of X{m) in dagrees, Xy(m) Example 1: Imaginary part of X(m)
80 ™ 4 "
| i
45 i ® 6 : g 1 . B
(b) o¥—t—t—r———— (d) 0#——p——t—n————
45 1: IE T T T B 2 i I L R P
-30 » - .

A fase é relativa ao cosseno!
— Ex.:-90° equivale a cos(a-90°)=sin(a)
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3) Simetria

e Formageral: X(m)=X (N-m)
* Simetria par da magnitude

Exampla 1. Magnitude of X{m)
4 "
3
2 .
1 :
0 i : R
0 5 6 m

7 (kia)
e Simetria impar da fase (complexo conjugado)

1 Example 1: Phase of X{m) in dagrees, X,(m)
80 L]

|
45 i 6
() t w L u } -;7
—45 i 2 3 4 5 o 7 (kHz)
-20 -

* Conclusao: informacao relevante sé até N/2 -1
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e
* Prova matematica simetria:

N-1 Nl
X(N—-m)= Zx(n)e—JZﬂn(N—m)/N _ Zx(n)e—ﬂme/Ne—]me(—m)/N
- n=0

n=0
N—1 Lembrando de conjugado
—j2 2 complexo:

— x(n)e Jj 7Z7’le] mm/| N p

n=0 X=a+jb
X'=a—jb

. X = eja

—i2 .

Sendo que e /7" =cos(2/m)— jsin(2/m) =1 X = el

X(N—-—m)= Nz_ix(n)ejz’mmm

n=0

X *(N—m)= Nz_ix(n)e_jz”"m”v = X (m)

20



4) Linearidade e magnitude da DFT

e Linearidade: x _, (n)=x(n)+x,(n)

X, (m)=Xm)+X,(m)
 Magnitude:
— EX.: x(¢) = sen(2721000¢)+ 0.55en(2722000z + 37 /4)

Example 1: Magnitude of X{m)
u "

t —t—a—n t 5 m
o 1 2 3 4 5 6 7 (kHz)

— “Solucao”:

N-1
X(m) — izx(n)e—j27mm/N
N n=0

D —— .



5) Eixo da frequéncia

* Resolucao frequéncia:

Fs

fresol.(m) — mﬁ

* Lembretes importantes:

— A) “cada saida m da DFT é a soma termo a termo do produto de uma sequéncia de
entrada no dominio n com uma sequéncia representando ondas seno e cosseno”;

— B) para entradas de numeros reais, uma DFT de N pontos prové uma saida com
N/2+1 termos independentes;

— () a magnitude dos resultados da DFT sdo proporcionais a N;

— D) aresolucdo de frequéncia da DFT é dada pela forma acima

22




6) DFT inversa

e Formula:
1 N-1 .
x(n)=— Z X (m)e’*™™'"
Nm=0

— Aplicando ao exemplo 2 temos:

x(0) = 0.3535 +j0.0  x(1) = 0.3535 + ;0.0
x(2) = 0.6464 + j0.0  x(3) = 1.0607 + 0.0
x(4) = 0.3535 +;0.0  x(3) = -1.0607 + ;0.0
x(6) = -1.3535 +j0.0 x(7) = =0.3535 + j0.0

@ 23



7) Leakage\vazamento

e Descricao problema:

— Exemplo:

x(1) = sen(22£1000¢) + 0.55en (222000 + 372/ 4)

Example 1. Magnitude of X(m)

Considerando Fs=8000 e N=8. E se Fs=5000°7
_

24



— O leakage acontece quando a frequéncia de um sinal de entrada
nao tem correspondéncia exata com o eixo de frequéncia

Input frequency = 3.4 cycles m = 4 analysis frequency
L]
| ]

D 2 4 6 8 1012141&1329222426233&{me}
25




e
* Formato de um espectro puro:

AON Sln[ﬂ-(k o m)] K=nUm amostras por ciclo ou

2 ﬂ-(k I m) Num de ciclos da amostra

N
2

4 \ Discrete DFT sequence defined by

N, sin[n{k=mj]
Xm) =3 qikem)

Continuous, pasitive,
frequency spectrum of
a discrete cosine

$aquma\

k-!3 k-1 P k+3 Kk+5

/\I/—\ L ; ..__ﬁ{f_\l -

| N )
N (DN (eDEIN ()N (keS)fIN
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 Exemplo: Fs=32.000 e N=32

input frequency = 8.0 / \ '
f‘! ,.,-r'"'m /ﬁ\ 1 _....'22.::-—‘—
1

12 Freq
3 4 (kH2)

- 1017
input frequency = 8.5 kHz N
.....l = l?\/ ] V‘V.""i’#!*"""
'3 7 9 11 12 13 Freq
(kHz)
Input frequency = B.75 kHz
515
—a = r—-..hl—-w-.u! M—b
& 7 11 12 13 Freq
o, e SR



* Replicacao espectral:

Input signal also shows up &l Input signal also shows up at 64 — 3.4 = 60.6,
0 - 3.4 = -3 .4 cycles/imerval end 64 + 3.4 = 67 .4 cyclesinierval
( Input signal is al 3.4 ( \}
" n cyclesinterval . .
] [ L »
| i Spaciruma repeal in
Specirums fepaal in i
thig dirmclion . ] | . . . . i dlraction
i [ | !
i - LA : ' i = I - ——

12 -0 -8 -8 —4 -2 0 2 & €& B 10 12 ﬂmaﬁﬁamuumumnumm
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8) Janelamento

TS
= -

Rl

X, (m)= 2 w(n)x(n)e 27N

Rectangular window:
wn)=1,forn=0,1,2,...,N-1

1.0

© Triangular window:
Time L 0,1,2,..,N/2
w(n) = Jforn=0,1,2,.., ,
=Nz
H
=2 -,
N/2

forn=N/2+1,N/2+2,.,N-1.

Hanning window:

w(n) = 0.5 - 0.5cos(2nn /N-1),
forn=0,1,2,... N-1.

Hamming window:

w(n) = 0.54 - 0.46cos(2nn/N-1),
forn=0,1,2,..., N-1

29




‘ Linear-scale window magnitude responses, IW(m)!

1. :
-5.‘_.»""' Rectangular {dotted)
0.6L :' Hamming (dash-dot)

Triangular {dashed)

0.4

0.2 R ek T

l\cz

A Logarithmic-scale window magnitude responses, W ()i in dB

™ Rectangular (dattec) '
10 Hanning (solid)
. Hamming (dash-dot)
E Triangular (dashed)
-30 e _
-40 e
-
-
=50 . ': .....
%
.
-Ec L L 1 -h
fgN  2fg/N 48N Freq
30



* Exemplo 3:

A DFT output magnitudes

15 4

10 -

A Windowed input signal

0.8 + - : f.lfi-

06+ a
04+ ~

0.4 A
-0.6
-0.8

®  Rectangular window response
A Hanning window response

NEEN

| e

H e |
A

A o L .

0123458678 9101112131415161718 2728293031 m

(Frag)

X i) = [0.5 = 0.5cos{2xn'64]] * [sin(2n3.4n64)]

1 50 ]

¥ L]
window function  3.4-cycle sinewave
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* Exemplo 4:

A Windowed input signal Window functipn 3.4 and T-cycle sinewaves
1 "h‘ L] 0T L]
¥y = [0.5 = 0.5cos(2nnB4)) - [sin{2a3.4rv64) +0.15in( 2T v64)]
08 + Ny
m L] ]
06 4 L Tt
L
L
04 T il
02+ I
0 saweRStEE,_ , ity
1 : LR n
-02 1 b . . Ny (Time]
1 |. . i [ -F
-04 1 as .
m

0.6 + . A DFT output magnitudes
-ﬂ'-'H' T : ] 25 == 1 .

-1 u; i

T - |
-1.2 & 20 4+ ,!: :ii;
fi | * Rectangular window response
. 4 Hanning window rasponse
15+

10+

i 1_ _'ﬂ s . -

012 3 45 8678 91011 12131415151'!15-19 23293D31 :Fuu}



e |
9) Resolucao e preenchimento com zeros

* Transformada continua de Fourier:

Continuous
time

Continuous Fourier

transform of K1)
YT 2T 3T 4T SIT Continuous

frequency

* O que fazer para melhorar a resolucao do espectro?
— Preencher a entrada com zeros?! (zero padding)

L) 33




— Como “consertar” o eixo

das frequéncias com
preenchimento com zeros?

— Melhoramento da
resolucao mas nao

melhora entendimento das

frequéncia de entrada

— Obs.: SNR

0‘ Bin power in dB

)
—10 L i - SNR__
N v
ST

0 0 100 200 300_ 400 500 ,-:-

input amplitude
Ta L] .
u LI
T ' a ®»
0 Wb b

|
LI 234'5-5'?!'91&11!2131115

A \nput amplitude
g - .
LI : '
05+ an

i
DW-H-W.!-“.“I--I!-’
0 3 & 912151321‘31273]

‘I l
05 + Ly .
L LN
=T . . .
Input amplitude
S o "
.s
o5 T ' ua

nlm*
b 51&:5203»35404551:555:.““
II H
" mam
" =

= - B

171 Time

0 W e p— B —p—
001 2 3 4 5 6 7 88 101z ™

A DFT magnitude
&4 | ]

&t

e s

ER o .y . . .
., =" "

O 2 4 6 B 10 12 14 16 18 20 22 24 '™
‘,DFTm&gmudn
H_--.
L |
&t " om
[ ]
44 = .
2 .' .
l.‘-'-_
H-|-|+H!l-|-|-|-|-H+HH-H-I!H-I+H-
O 4 B 12 16 20 24 08 32 36 40 44 48 ['®0
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10) Representacao no dominio da frequéncia

e Eixo da frequéncia em:
— Hz (f=7.f/N Hz);
— Normalizado por f, (f/f, = 7/N ciclos/amostra);
— Angulo normalizado (w=2m(f/f,) radianos/amostra);

‘_"(— Ntg )"

ts f

x(%} i

—>» & {ime = Ot, saconds |
xn) sesssans J, i
B e Bl B B e o S L l il-l-l---l-l-.-l-l-u-l-l—hn»
o g tg Seconds
N

X(m) ./ \. 1(Ntg) = f/N

./\aﬂk—

H—l—l— / ———+ A%w.
-t’n'—n'll—'h.t'—o- \-H—I?—i—i—l—l—l—l—l-!\ }+|+._._“.,. WHZ
< fs Hz > (oM
/2 Hz (2nfs = wg radians/sec) L2 He [ /N]
{(—wg /2 ==nfg) [@ = 2r radians) (0 /2 =Tf)

[-x] m=7 [n}



e Resumindo:

DFT Frequency X(m) Repetition Frequency
Axis Frequency Resolution Interval of Axis
Representation Variable of X(m) X(m) Range
Frequency in Hz mf,/N fi/N f ~f/2to f /2
Frequency in mw /N or w./N or w, or 2nf, -w . /2tow /2
radians 2nmf /N 2nf /N or —ftf_ to 7f,
Mormalized angle 2mm/N 2n/N 2n -nton
in radians

* Representacao alternativa:

X(w)= ix(n)e

n=—oo

— jwn

36
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 Exemplo: calcule a transformadade x(n)=(0, 75)®
u (n) usando a variavel w.

Resolucao:

—jwn

X(w)= ix(n)e

n=—oo

X(w)=>075"¢"" =>(0,75¢"")"
n=0 n=0

Aplicando a serie geométrica: X (w) = !

1-0,75¢7""

Conclusao: —iQmniNn

X(m)= X () _,,,,, = 2. 3(n)e
égiﬁ n=0

37
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e Resumindo a: transformada continua, a
transformada discreta e a série de Fourier:

Continuous & aperiodic

Continuous
x, (D) CFT —» X(@) & aperiodic

Time 0 Freq
Continuous & periodic Continuous impulses
x,(f) X,(®) |° & aperiodic
z... —~OF] —P l l (Fourier series)
| IRDET T SR o0 | I | I | W N Y T
Time 0 Freq
Infinite-length aperiodic
discrete sequence
EEEEmENN Continuous
X DTFT — > & periodic
ERERERERE —— A5 REREER — S— e X
: Time -0, 0 ®, Freq
x,(n) -f) (f)
DFT
Discrete & periodic inverse I ,
ssEEmEER pll|lllllI -4 CFT . X (m) a Discrete .
x,(n) 1 . & periodic
& CFT ’ .. | n a e
(X} BEEE -—— -.-.. . a.-n.-‘.l.u a4 i-n.l-i.c ’ l-.:
Time 2 A 0 - f, Freq

@ ' 38



e Obs.: efeito de Gibbs em sistemas digitais

X (w) Xi(w)

PR Nl Va

N T

- — vy

Xr(w)

@ 39




11) FFT
* Custo computacional

‘ Mumber of complex multiplications

10* E | | ; ""“'rﬂ

10° et

10

DFT N
10° g AT N? versus —.log, N
10° = Tt 2

FFT
10 --11"_,?..-‘5‘-"4 ,_,.-l"'".?r
10° - t
| "]

t0 pre

10" -
10" 10% 10 i 17 N

— Para N =2.097.152:
e DFT: 3semanas; FFT: 10 segundos!

— Poténcia de 2 (preenchimento com zeros)
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x(0) —— = X{0)
4-point Z
DFT fwﬂ
x(2) —— = 1)
. /
Ex{?n}w‘ ;’WB
x(4) =1 O \W / - X[2)
2
Wy
x(6) —- "f f
Wy
X(1) =~
4-point
DFT
x(3) —-
> x2m )W, |
x(5) —m=—{ C W = X[5)
X(T) —- W; - X(7)
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